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Abstract
It has been shown by Liberati et al. [quant-ph/9904013] that a
dielectric medium with a time-dependent refractive index may produce
photons. We point out that a free electric charge which interacts with such
a medium will emit quantum mechanically modied transition radiation in
which an arbitrary odd number of photons will be present. Excited atomic
electrons will also exhibit a similarly modied emission spectrum. This
eect may be directly observable in connection with sonoluminescence.
PACS numbers: 12.20.Ds, 03.70.+k, 78.60.Mq, 42.50.Lc
Key-words: Dielectric media, quantization, transition radiation,
sonoluminescence.
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There exist mainly two "schools" in the eort to understand and explain
sonoluminescence. One school argues in favor of the view that sonolumines-
cence can be understood on the basis of gas-dynamics (see [1], e.g.). In the
second main approach it is argued that the flash of light which is emitted
from sonoluminescent bubbles is essentially due to energy which is released
from the quantum vacuum (see [2], e.g.). In this paper we will to some extent
attempt to bridge the gap between these apparently incompatible views.
Our starting point is the physical scenario for explaining sonolumines-
cence which was presented in [3]. There the authors showed that sucient
energy in principle may be released from the electro-magnetic vacuum in a
dielectric medium with a time-dependent refractive index so as to account
for the radiation emitted from sonoluminescent bubbles. However, the au-
thors did not specify any specic interaction mechanism whereby this energy
can be released. In order to make the scenario in [3] physically viable one
must also present a detailed account of the photon production in terms of
the underlying dynamics of the noble-gas atoms (e.g.), and their coupling
to the vacuum. Such a study is important not only because it will enhance
our picture of the scenario in [3]. It may also reveal the presence of further
properties of the emission spectrum from the vacuum in a dielectric medium
with a time-dependent refractive index, which are induced by free and (or)
bound electric charges in the medium, i.e. it may provide us with specic
clues about the relation between the gas and the vacuum "pictures" of sono-
luminescence. This paper is the rst paper which deals with this problem.
Our main point in this short paper is that a free electron, which interacts
with a dielectric medium with a time-dependent refractive index, will induce
production of any odd number of photons from the vacuum at the tree-level.
The process can be seen as a quantum mechanically (and non-perturbatively)
modied classical transition radiation process1. Excited atomic electrons will
also exhibit a similarly modied emission spectrum. We suggest that these
processes may provide partial mechanisms for the observed emission of (at
least some of the) photons from sonoluminescent bubbles.
This brief communication is organized as follows. We will rst briefly
consider the model which was presented in [3] with a special eye towards
the question of a consistent quantization of the electro-magnetic eld in a
medium with a time-dependent refractive index. We then discuss qualita-
1Two particularly nice references on classical aspects of transition radiation can be
found in [5, 6].
2
tively the emission of photons from free and bound electrons which live in
such a medium. At the end of this paper we point out one experimental
consequence of our ndings. We also point out a new direction for fur-
ther theoretical investigations into the question of the possible importance
of transition radiation in connection with sonoluminescence.
We follow [3] and choose to write Maxwell’s equations in a dielectric
medium with a time- and position-independent dielectric constant , and
with the magnetic permeability  set to unity, as (we set the speed of light,
 and  in the true vacuum to unity in the following)
divA +  @t = 0 ; (1)
− @2t + div (grad) = 0 ; (2)
− @2t A + grad (divA) = 0 : (3)
 is the electro-magnetic scalar potential, and A is the three-vector potential.
The rst of these equations can be seen as a "generalized" Lorentz-condition.
We will further choose potentials on the classical level such that
 = 0 ; divA = 0 : (4)
The resulting wave equation for the electro-magnetic three-vector eld-potential
then has solutions in the form
Ak = Nkeke
ikx−i!t ; k Ak = 0 ;  2 f0; 1; 2; 3g ; (5)
where ek is the polarization-vector, Nk is an normalization constant with
respect to some suitably dened inner product, and ! and k are related by
− !2 + k2 = 0 : (6)




k0 = 0 ,
where  denotes the Minkowski metric with sgn() = (−1;+1;+1;+1). We
will let  = 1; 2 refer to the transverse components of the electro-magnetic
eld, while  = 0 and  = 3 refer to the scalar and the longitudinal compo-
nents respectively.
It was assumed in [3] that the dielectric constant of the medium suddenly
changes from its initial constant value, and to another constant nal value,
i.e. it was assumed that
(t) ! initial = constant ; t! −1 ; (7)
(t) ! nal = constant ; t! +1 : (8)
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It was shown that such a change in the refractive properties of a dielectric
medium may give rise to production of photons. By making the change in 
steep enough, it was shown that sucient energy in principle can be released
so as to account for the energy emitted in actual experiments with sonolu-
minescent bubbles. The model does also reproduce the observed spectrum
of the photons which are emitted from such bubbles with a high degree of
accuracy.
It has been demonstrated in many dierent ways that the static Casimir
energy is not large enough so as to account for the energy emitted by sonolu-
minescent bubbles (see [8], e.g.). However, we want to emphasize that there
is no necessary contradiction between the results in [3] and the ones in [8],
since the energy emission which was calculated in [3] also (implicitly) takes
the impressed forces on the medium into account. The impressed forces which
are the sources for the dynamics of the refractive index must be the reason
for the energy dierence between a static Casimir energy calculation and a
dynamic one. In mathematical terms it is (among other things) a question of
which boundary conditions to impose on the dynamical equations when one
wants to compute the Casimir energy. It would be an interesting exercise to
extend the work in [3], and relate and express the energy emission from a
dynamic cavity lled with a dielectric medium in terms of the velocities and
acceleration of the cavity walls. One would expect to recover the results in
[8] in the static limit.
We will next confront the question of whether the electro-magnetic eld
can be quantized in a consistent fashion when one assumes eq.(7-8) to hold
true . Our main nding is that if one treats the "generalized" Lorentz-gauge
condition along the same lines as in the standard Gupta-Bleuer formalism,
and along with the assumption of a time-dependent dielectric constant in
eq.(7-8), one gets the conditions
j i = 0 ; Akj i = 0 ; (9)
by necessity at t ! +1, where Ak is the longitudinal part of the eld-
potential (j i denotes any photon-state) without the need to invoke gauge-
invariance, in addition to the condition
divA?j i = 0 ; (10)
where A? is the transversal part of the eld-potential . Let us see how this
comes about.
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In the quasi-static asymptotic regions (t ! 1) the electro-magnetic
eld can be quantized along the usual lines. This implies the existence of
two in general inequivalent descriptions of the quantized eld. In the in-










j ) ;  2 f0; 1; 2; 3g ; (11)
where it is assumed a nite quantization volume. Note that this discussion
is a general one in which we do not impose the constraints in eq.(4). The
fAinj g-modes represent a complete set of solutions of the wave-equation with
respect to some suitably dened inner-product ( ; ). j refers to the kj-mode.
A canonical (Heisenberg) vacuum state is as usual dened by
ainjj0; ini = 0 : (12)










j ) ; (13)
which denes a vacuum state by
aoutj j0; outi = 0 : (14)
The descriptions of the electro-magnetic eld in terms of the in- and out-
states are not in general physically equivalent, since the products j00;j 
(Ainj00; A
out
j ) do not vanish in general.
Let us now impose the generalized Lorentz-gauge condition on the positive
frequency part of the operators above, i.e. consider the general condition
(@A
(+) +  @t
(+))jΨi = 0 ;  2 f1; 2; 3g ; (15)
where jΨi is an arbitrary quantum state. (+) indicates the positive frequency
part of the operator. This condition reduces to the usual Gupta-Bleuer con-
dition when  = 1. In this true vacuum case the Gupta-Bleuer condition
implies the relation
(ainj3 − ainj0)jΨi = 0 ; 8j: (16)
Let us follow the arguments in [3], and assume that the system starts o in
the true vacuum situation ( initial  1, i.e.), and that the refractive index
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is turned on after some time. At t ! +1 the Gupta-Bleuer condition can





i0 )jΨi = 0 ; 8i : (17)
The state-vector is unchanged, since it is time-independent in the Heisenberg
picture. The operator condition in this last expression can be rewritten in





















y)jΨi = 0 ; 8i: (18)
ij and ij are the Bogolubov-coecients which relate the in- and out-states
(see [4], e.g.). The condition in eq.(16) can be used to eliminate one of the










j(0;3))jΨi = 0 ; 8i: (19)
(0; 3) indicates that this condition holds for the scalar and longitudinal com-
ponents separately. This condition can be further simplied, by appealing to
the denitions of the Bogolubov coecients, to read
(1−pnal)aouti(0;3)jΨi = 0 ; 8i: (20)
Hence, consistency requires that we quantize the physical, i.e. the transver-
sal, degrees of freedom in the out-region in the usual way, but put the scalar
and the longitudinal components identically to zero, as was indicated in
eq.(9). The physical content of the resulting quantum theory is of course the
one we would expect. However, what is remarkable, and very unexpected,
is that we arrived at our conclusions eq.(9) and eq.(10) without the need to
appeal to gauge-invariance, or the equations of motion, at t ! +1, as in
the standard vacuum theory. It is unclear to us what the deeper signicance
of this property is. We emphasize that this feature is a general one, since
the end-result is independent of the details of how the dielectric constant 
changes with time.
We also note another feature which deserves to be mentioned. The jΨi-
state is constrained by two relations which involve in-operators, namely the
constraint in eq.(16) and the one in eq.(19). Since the ainj(0;3)-operators are
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j(0;3))jΨi = 0 ; 8i; j: (21)
It follows from these relations that the unphysical sector of jΨi, jΨiunphys:,








j3 −ainyj0 ainyj0 )j0; ini : (22)






When applied to this coherent state the condition in eq.(16) implies
(ainyj3 − ainyj0 )jΨiunphys: = 0 ; 8j: (24)
What all this amounts to is that the initial conguration of scalar- and lon-
gitudinal excitations must have a particular form. This form is dictated by
the behaviour of the dielectric constant in the future. We emphasize that
this point is important, since there was no guarantee a priori that the initial
photon-state does not contain physical scalar and longitudinal excitations as
they are dened in the future. However, the model considered is consistent,
at least at this level, since we can always choose the unphysical sector to
have the form in eq.(22). Let us now turn to the question of the nature of
the emission spectrum from free and bound electrons which live in a medium
with a time-dependent refractive index.
In [3] the dielectric constant was assumed to be a position-independent
parameter. This approach is probably sucient in order to obtain a rough
order of magnitude estimate of the energy emission from the medium. How-
ever, such a treatment is not sucient in order to explain the dynamics
behind the actual emission processes responsible for the estimated energy
release. Our picture is that the impressed forces on the medium as a rst
approximation only will make the density of dipoles in the medium higher,
which then implies a larger value on the refractive index. However, in or-
der to actually understand what triggers the emission of photons from the
medium one must also obtain a picture of the induced microscopic dynamics
due to the impressed forces of the individual atoms in the medium, and the
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nature of the coupling of the atoms to the vacuum. We will focus on two
possible eects caused by the impressed forces on the atoms in the medium.
The forces may excite the atoms, or they may be so large that atoms become
completely ionized. In eect we will either be dealing with a (in reality) thin
gas of excited atoms or a thin gas of electrons in addition to a condensate
of non-excited noble-gas atoms. We will assume that this ionization will not
alter the refractive properties of the medium in any signicant way. The
picture is thus of a gas of either (or both) kind living in a dielectric medium
with a rapidly changing refractive index. Let us as a rst step towards a
construction of a detailed picture of how the vacuum energy can be released
(within the framework presented in [3]) pursue the picture of a thin gas of
electrons and specically consider a free electron which moves in the dielec-
tric medium, which, in the static situation, is described by the equations
above.
To this end we will assume that the initial quantum state at suciently
early times is
jii  j1; ini ⊗ j0; ini ; (25)
where we have suppressed all quantum numbers. The rst vector in the
tensor product describes the number of initial electrons, while the second
vector designates the number of initial photons. We write the nal state in
the same vain as
jfi  j10; outi ⊗ jn; outi ; (26)
where we have put a prime on the fermionic state in order to distinguish it
further from the initial fermionic state. The interaction term between the
electron-eld and the electro-magnetic eld in the bulk is
HI = Aj = eA γ ; (27)
where e is the fundamental electric charge.  denotes the electron-positron
eld,  its conjugate and γ represent the usual gamma-matrices. This
interaction is the only one we will consider. Hence, we neglect any eects
which are associated with having to deal with a nite volume, or eects which
appear due to the motion of the surface of the conning volume. However,
we will briefly return to these issues at the end of the paper.
The asymptotic properties of the dielectric constant is characterized by
eq.(7-8). The incoming electro-magnetic vacuum state, as it is canonically
dened at t ! −1, is in general related to the outgoing electro-magnetic
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vacuum state, as it is dened at t! +1, by (see eq.(7.9) in [7], e.g.)
(0)







−j )j0; outi : (28)
0 is in general an arbitrary constant, which we will set equal to unity, 
denotes complex-conjugation, and γij  (ij=ij). This relation follows due
to the completeness of the Fock-spaces. From the expression for j0; ini in
eq.(28) we see in particular that any energy emission (in the form of photons
as they are dened in the future) from j0; ini in the far future must involve
correlated pairs of photons. In dielectric media it is only the electro-magnetic
fluctuations which is changed when one compares with the pure vacuum
case, i.e. when considered as free elds it is only the second quantization of
the electro-magnetic eld which is modied when  > 1, while the second
quantization of the electron-positron eld is identical to the one in the true
vacuum. Hence, the part of the Fock-space which is associated with the
incoming electron in eq.(25) is not altered during the change in the refractive
properties of the medium. It is thus appropriate to change the notation in
the denition of jfi into
jfi = j10; ini ⊗ jn; outi : (29)
Photon emission from a free electron at the tree-level in the out-region is
described by the S-matrix element
Sfi 
∫
hf jHIjii ; (30)
where
∫
indicates integration over all space-time. By keeping just the rst
non-trivial term in eq.(28) the S-matrix element above can be expanded as
Sfi =
∫












−j)j10; ini ⊗ j0; outi+ ::::
 Sfi(1) + Sfi(2) + :::: : (31)
Since the electron-positron eld is insensitive to a changing refractive index
we will neglect this part in the following in order to simplify our formulas.
At t ! −1 the fAg-potentials have the general form in eq.(11). These
potentials are propagated forward in time by the equations of motion which
takes an explicitly time-dependent refractive index into account (these equa-



























where we in the last line have expressed the in-operators in terms of the
out-operators. The Ainj -modes have been calculated for a particular case in
[3] in terms of hyper-geometric functions. The relevant part of the S-matrix










)aoutyj j0; outi ⊗ Fermions) : (33)
Such emission at the tree-level is in the literature called transition-radiation
and is a well known phenomenon, although our quantum eld theoretical
treatment of it seems to be among the rst ones. After Sfi(1) has been
computed it is straightforward to compute Sfi(2) which describes the emission
of three photons of which two are back to back. When stil further terms in
eq.(28) are taken into account we nd that an electron may emit any odd
number of photons.
Sonoluminescent bubbles may consist entirely of noble-gas atoms [9].
Such atoms have ionization energies of the order of 15 eV. However, the
observed radiation in experiments with sonoluminescent bubbles have a typ-
ical energy of the order of 3 eV − 4 eV. It can therefore be argued (see [3],
e.g.) that the presence of free charges inside a sonoluminescent bubble is
an unlikely hypothesis. However, even though the study of a free charge
may not be directly relevant to the phenomenon of sonoluminescence, it is
easily adaptable to the study of atomic electrons which certainly is. The
only changes which are needed in our equations in order to deal with bound
electrons is essentially in the fermionic part of the scattering-matrix. Since
we have neglected the fermionic part completely in our equations above no
changes are really needed, and our conclusions above persist. However, we
want to emphasize that whether free electrons are present or not inside sono-
luminescent bubbles is a completely open question. Let us conclude this
brief communication with one immediate experimental consequence of our
considerations.
It was argued in [10] that it is in principle possible to experimentally verify
whether the vacuum picture of sonoluminescence is a viable one by measuring
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two-photon correlations. Our main aim in this paper is to investigate whether
the inclusion of free or bound charges will induce further properties to the
radiation which is emitted by such bubbles. Transition-radiation (meaning
the emission of a single photon from a charge) is a well known physical eect
which will be present in any dielectric medium with a time-dependent refrac-
tive index as soon as free electric charges are present. On the assumption
of the presence of a thin gas of electrons inside sonoluminescent bubbles it
follows that transition radiation must also be taken into account in order to
understand sonoluminescence. In this paper we have shown that a quantum
treatment of transition radiation reveals that a free electron does not nec-
essarily emit only a single photon, but it may in fact emit any odd number
of photons. This nding opens up new directions for further experimental
work. Clearly, since electrons can emit any odd number of photons it will
be induced correlations between odd number of photons when one measures
the arrival times of photons from sonoluminescent bubbles.
It may seem straightforward, and therefore tempting, to compute the ef-
ciency of the production of the extra correlated photon-pairs in transition
radiation processes by putting the Bogolubov coecients which was com-
puted in [3] into our formulas. We want to emphasize that the inclusion of
the accelerated cavity walls may be of crucial importance for such estimates.
However, transition radiation in connection with accelerated layer surfaces
appears to be a completely uncharted area in the literature. Hence, realistic
estimates of the eciency of the transition radiation mechanism to produce
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